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MECHANICAL FOUNDATIONS OF BIREFRINGENCE

OF PHOTO-ELASTOPLASTIC MEDIA

TATSUO TOKUOKA

Department of Aeronautical Engineering, Kyoto University, Japan

Abstract-General birefringent formulae for an optically elastoplastic medium are theoretically deduced from
the mechanical point of view, A hypothetical photo-elastoplastic medium is defined, i.e, the index tensor is a
function of the elastic strain tensor and the plastic strain tensor, According to the principle of isotropy of
space, the index tensor is explicitly expressed by the elastic strain tensor and the plastic strain tensor, or by the
stress tensor and the total strain tensor. The directions of polarization for a given wave-vector are parallel to
the secondary principal axes of the diametral conic section of the pseudo-strain quadric, cut by a plane parallel
to the wave-front. The birefringent effect is the product of the secondary principal pseudo-strain difference and
a scalar function of the invariants of the elastic strain and the plastic strain. Two special deformation states are
investigated. Polynomial approximations are presented. In first-order approximation, the birefringent effect is
expressed by a linear combination of stress and strain, which is the formula proposed by several investigators
[1,2,3,4, and 6],

1. INTRODUCfION
THERE have been reported several experimental and theoretical investigations with
respect to the birefringent properties of plastic solids in the elastoplastic deformation
region. A formula, which indicates that the birefringent effect is expre~sed as a linear
com!,>ination of stress and stra!n, has been proposed by Filon and Jessop [1], Coker and
Filon [2], Bayoumi and Frankl [3], and Fujii and Tokuoka [4]. A gener~lization of the
formula for large deformation was advanced by Tokuoka and Miyakawa [5]. But all of
the above st!ldies should be regarded as semi-empirical ones. The author presented
another paper [6], in which a proposition is introduced from the microscopic point of
view and the directions of polarization are specified. But the mechanical foundations of
these formulae cannot be called to be too firm.

In this paper, the photo-elastoplastic medium will be defined mathematically and
the general birefringent formula for such a material will be proposed.

2. DEFINITION OF PHOTO-ELASTOPLASTIC MEDIA
The birefringent properties of a non-magnetic transparent material depend completely

upon the dielectric constants of the material for a particular observing wave-frequency
[7 or 8].

In the system of Gaussian units the dielectric constant and the magnetic permeability
of the vacuum are both unity and the magnetic permeability of all transparent materials
may be assumed to be unity.

When a given artificially birefringent material is deformed, intermolecular changes of
angle and distance occur and the orientation of the molecules is changed The dielectric
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tensor E == lIeijll and the index tensor 11 == II'lull, which is the inverse matrix of E and which
specifies the velocity of propagation throughout the stressed material, may be considered
as the macroscopic dielectric mean effects of these changes and deviations from the
equilibrium positions.

Thus the birefringent properties of a given material depend completely upon the
functional relationship between the index tensor and the deformation state, which may
be considered as the macroscopic geometric mean results of these changes and deviations.

A deformation state of a mechanically elastoplastic material is specified by the elastic
strain tensor Ee == ~Eeijll and the plastic strain tensor pe == Ilpeijll. The observable strain
tensor e == Ileijll is assumed to be the sum of Ee and pe, i.e.

or
e = Ee+pe,

eij = Eeij+peij, (i,j = 1,2,3). } (2.1)

From the above mentioned considerations, we propose the following definition.
DEFINITION (Photo-Elastoplastic Medium) A photo-elastoplastic medium is a continuous

material such that (1) 11 is a continuous single-valued function of Ee and pe, and depends on
the material coordinate (material inhomogeneity), the observing light wave1requency, and
the thermodynamical variables,' (2) 11 does not depend explicitly on the spatial coordinate
(spatial homogeneity),' (3) there is no preferred direction in space (isotropy),' (4) when
Ee = pe = 0, 11 reduces to 'lol, where 'lo is the index coefficient in the natural undeformed
state and I is the unit tensor.

The above defined material is an ideal and hypothetical one in which the optical
effect arises as a result of strain alone, and the proposed material will not necessarily
provide an exact description of the complete behaviour of a real birefringent material
in which time dependence will probably be a significant factor.

When a given solid is stressed in a definite manner, the material deforms along a
certain deformation path and will reach a deformation state, which depends on the given
material. Then, when the mechanical state uncouples from the weak electric field state,
the elastic strain and the plastic strain, appearing as the arguments of the index tensor
in the above definition, depend on the mechano-constitutive equation of the given material.

3. PHOTO-CONSTITUTIVE EQUATIONS

The mathematical expression of (1) and (2) of the definition is

11 = f 1(Ee, pe), (3.1)

where f 1 is tacitly assumed to depend on the material coordinate, the observing wave
frequency, and the thermodynamical variables, and, for simplicity, they are omitted from
(3.1) and the following expressions.

From (2.1) we may express (3.1) as

(3.2)

In the mechanically pure elastic material, the mechanical constitutive equation is
expressed by [9]

t = g(e), (3.3)
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where t == Iltijll is the stress tensor and g is an isotropic function of e. If our photo
elastoplastic material has the one-to-one correspondence between the state of stress and
the elastic state of strain,

(3.4)

(3.8)

it can be inverted, i.e. the elastic strain tensor Ee is a single valued function of the stress
tensor t The Hencky body and the Prandtl-Reuss body are subjected to (3.4) in special
cases, that is, for Hooke's law. Then (3.2) is reduced to

11 = f2(h- 1(t), e) == f 3(t, e), (3.5)

where h- 1(t) = Ee is the inverse relation of (3.4).
The requirement of isotropy (3) of the definition is expressed by the condition

Q11Q-1 = f 1(QEeQ-1, Q peQ-1), . (3.6)

for all orthogonal transformation matrices Q(t) == IIQiit)ll, where Q-1(t) is the inverse
matrix of Q(t), i.e. QQ-1 = Q- ~Q = I.

According to a result of Rivlin [lOj, a hemitropic polynomial f 1 of two tensor variables
Ee and pe admits a representation of the form

f1(Ee,pe) = ('1o+ ao)I+a1Ee+a2pe

+ a3Ee2+ a4pe2 +as(Eepe + peEe) + a6(Ee2pe+ peEe2) (3.7)

+ a 7(Eepe2 + pe2Ee) + as(Ee2pe2 + pe2Ee2),

where

ay == ay(tr Ee, tr Ee2, tr Ee3, tr pe, tr pe2, tr pe3,

tr Eepe, tr Ee2pe, tr Eepe2, tr Ee2pe2), (y = 0, 1, 2, ... , 8);

when the material is in the natural undeformed state, Le. Ee = pe = 0, ao = 0 holds by
(4) of the definition; and we note that, for any two matrices a and b,

3

ab == II L aikbkj II
k= 1

and
3

tr a == L akk
k= 1

(y = 1,2, ... ,7);

in a Cartesian coordinate system.
If we define the pseudo-strain tensor

e* == Ee+1X1pe+1X2Ee2 + 1X 3pe2+ 1X4(Eepe+ peEe)

+ IXS(Ee2pe+ peEe2) +1X6(Eepe2 + pe2Ee)

+ 1X7(Ee2pe2 + pe2Ee2),

where

ay+ 1
lXy ==-

a1

the index tensor is a linear function of e* such that

(3.9)

(3.10)

(3.11)
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The pseudo-strain tensor defined by (3.9) depends not only on a given deformation
state, but also on the dielectric properties of a given medium.

By the same process, the photo-elastoplastic material subjected to (3.4), has the
photo-constitutive equation:

where

s == b1t+bze+b3t2 +b4 ez +b5(te+et)

+ b6(tZe + etZ)+ b7(teZ+ eZt)

+ b8(t2ez+eZtZ),

and

by == b/tr t, tr e, tr e, tr e, tr eZ, tr e3, }

tr te, tr ee, tr teZ, tr eeZ),

bo = 0 for t = e = o.

4. POLARIZATION AND BIREFRINGENCE
According to the photo-constitutive equation (3.11), the index ellipsoid

~tll~ = 1

and the pseudo-strain quadric

(3.12)

(3.13)

(3.14)

(4.1)

(4.2)

have the same principal directions, where the one row matrix ~ denotes a radius vector
and ~t its transposed matrix.

Consider the section of the index ellipsoid cut by the diametral plane perpendicular
to the wave-vector, namely parallel to the wave-front. The section is an ellipse and has
at least two principal directions which are called the secondary principal axes. These
axes are parallel to the directions of polarization in this wave-front [7 or 8].

Cutting the pseudo-strain quadric by the same diametral plane produces a conic
section. By relation (3.11) the principal axes of this conic section and the above mentioned
ellipse are identical; and the secondary principal values of the index coefficient and the
pseudo-strain are related by

IJ~ = lJo+aO+a1e:', (IX = 1,2), (4.3)

where the primes indicate the secondary principal values [6].
The directions of polarization are parallel to the axes of the section of the index

ellipsoid. If the standard convention of the plane of polarization is introduced which
assumes that the plane of polarization contains the direction of the magnetic field and is
perpendicular to the electric field, the wave-velocity polarized parallel to one secondary
axis is proportional to the semi axis perpendicular to it [7, p. 18].

Then the velocities v~ of the wave polarized along the secondary principal axis
correlate with the secondary principal values of the index coefficient such that

'2 2'
v~ = C 1J~+1' (IX = 1,2), (mod. 2), (4.4)
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where c is the wave-velocity in a vacuum.
Then (4.3) are
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(IX = 1,2), (mod. 2), (4.5)

where Vo is a wave-velocity in the undeformed natural state of a given material.
The fringe-order per unit thickness is expressed by

N = w(~-~)V'l v~'

where w is a particular observing wave-frequency.
From (4.5) and the polarized wave-length A.~ == v~/w, we have

N~ == w(~-~) = J,(Vo-v~,
\V~ Vo A.~ \ Vo /

and

(4.6)

N~A.~ = 1-J[1+(:oY(ao+ale:~l~'
The wave-length of visible light is about 3 "" 8 X 10- 4 mm and the maximum value

of the fringe-order for a real photo-elastoplastic material, e.g. celluloid, may be assumed
to be less than ten order per mm. Then we obtain

which implies that

(IX = 1, 2), (mod. 2),

I(:0) \ao +ale:') 1< 2 X10-
2.

Thus we can estimate to a good approximation that

1 _ 1 c
2

( .' )-,- - ---23 aO+ale~+l ,Va Vo Vo

and the fringe-order per unit thickness is

N = A(eT' -en,

where

(4.7)

(4.8)

c2w
A == --3al == Cal

2vo

is the photoelastic sensitivity of a given material and is a function of the invariants of
Ee and pe, w, and the thermodynamical variables.

For a material whose photo-constitutive equation is (3.12), we can deduce

N = C(S'l - s~),

where s~ are the secondary principal values of s.

(4.9)
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5. SPECIAL CASES
5.1 Purely elastic deformation region

In this case the plastic strain tensor vanishes identically, and (3.1) is reduced to

(5.1)

If a given material is mechanically elastic, (3.3) holds. Then the photo-constitutive
equation becomes

Equations (5.1) and (5.2) are expressed as

(5.2)

and
'1 = ('1o+ ao)I+a 1e+a3e

2
}

'1 = ('1o+ bo)I+b 1t+b3t2
(5.3)

respectively, and the birefringent effects are

and

where

and

N = Ca1(e'1 -e2)
N = Cb1(t'1 -12), }

}

(5.4)

(5.5)

are called the modified strain tensor, and the modified stress tensor, respectively [11], and

ao(O, 0, 0) = 0,

b;, == bitr t, tr t2, tr t 3
),

bolO, 0, 0) = 0.

(y = 0, 1, 3), }

(y = 0,1,3),
(5.6)

5.2 The principal axes of the elastic strain quadric and the plastic strain quadric coincide,
and the wave-vector is parallel to one of these axes

When the principal axes of the elastic strain quadric and the plastic strain quadric
are the same, they coincide with those of the stress quadric and the total strain quadric
according to (3.4).

In the usual two-dimensional photo-elastoplastic experiment, the state of stress or
the state of strain are two-dimensional and the ray of light propagates perpendicular to
the side-planes of a specimen, that is, the wave-front is parallel to one of the principal
plane of these quadrics. Thus the secondary principal axes are identical to the principal
axes of these quadrics.
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Then, if the secondary principal values of Ee, pe, t, and e are equal to Ee~, pe~, t~, and
e~ (IX = 1, 2~ respectively, the secondary principal values of e* and s are specified by

and

e:' = Ee~+IXlpe~+ IX2Ee~2 +a3pe~2

+ 2a4Ee~~ + 2«SEe~2pe~ + 20:6Ee~e~2

s~ = b1t~+b2e~+b3t~2+b4e~2

+ 2bst~e~ + 2b6t~2e~ + 2b7t~e~2

(5.7)

(5.8)

(0: = 1,2)

respectively. Substituting (5.7) into (4.8), or (5.8) into (4.9), the birefringent effects can be
expressed by Ee~ and pe~, or t~ and e~.

6. POLYNOMIAL APPROXIMATIONS
We can expand the phenomenological coefficients ay in terms of the in, ,~riants with

respect to Ee and pe, and by in terms of the invariants with respect to t and l:'

6.1 Zero-th approximation

All phenomenological coefficients are zero, thus

and
11 == tToI, }

N =0.
(6.1)

The birefringent effect does not appear.

6.2 First-order approximation

In this case

and

(6.2)

bo = 11trt+12 tre, b1 = 2P10, b2 = 2P20,}

b3 == b4 == bs == b6 == b7 == bs == O.

Then we have

(6.3)

(6.4)
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and
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11 = ('10+~1 trt+XZ tre)I }

+2jilOt +2jizoe,

s = 2jilOt+2jizoe,

(6.5)

where A1, A2, ... ,jizo are material constants specified by the observing wave-frequency.
In the case specified in Section 5.2, we have

(6.6)

and

N ~ A~~e, ~Ee'l<::(~" -,e'l} }
N = C1(tl-tZ)+CZ(el-eZ), (6.7)

where C1 == 2Cjil0 and Cz == 2Cjizo.
The second relation of (6.7) is the formula proposed by Filon and Jessop [1], Coker

and Filon [2], Bayoumi and Frankl [3], Fujii and Tokuoka [4], and Tokuoka [6].

6.3· Second-order approximation
In this case,

and

ao = Al trEe+Az tr pe+A3(tr Ee)z+A4(tr pe)Z

+As(tr Ee)(tr pel + A6 tr Eez + A7 tr pe2

+A8 tr Eepe,

a1 = 2Jll0+2Jlll trEe+2Jl12 trpe

az = 2Jlzo+2JlZl tr Ee+2Jlzz trpe,

bo = Xl trt+Xz tre+X3(trt)z+~4(tre)Z

+Xs(trt)(tre)+X6 trt2+X 7 treZ

+X8 trte,

b1 = 2jil0+2jill trt+2ji12 tre,

bz = 2jizo + 2ji21 tr t + 2jizz tr e,

(6.8)

(6.9)
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where ..1. 1, ..1. 2, ••• , \i32 are material constants specified by the observing wave-frequency.
In the case specified in Section 5.2, substituting (3.10), (5.7), and (6.8) into (4.8), or

substituting (5.8) and (6.9) into (4.9); we obtain the second-order approximation of the
birefringent effects.

7. SUMMARY AND CONCLUSIONS

1. A hypothetical photo-elastoplastic medium is defined such that the index tensor
is a function of the elastic strain tensor and the plastic strain tensor.

2. The general photo-constitutive equations are deduced by means of the principle
of isotropy of space.

3. The directions of polarization for a given wave-vector are identical with the
secondary principal axes of the conic section of the pseudo-strain quadric, cut by the
diametral plane parallel to the wave-front.

4. The fringe-order per unit thickness is the product of the secondary principal
pseudo-strain difference and a scalar function of the invariants of the elastic strain tensor
and the plastic strain tensor.

5. The case in which the stress tensor is a single-valued function of the elastic strain
tensor is investigated.

6. Two special deformation states, i.e. (1) purely elastic deformation, (2) the principal
axes of the elastic strain quadric and the plastic strain quadric coincide and the wave
vector is parallel to one of these axes, are presented.

7. Polynomial approximations of the photo-constitutive equations and the bire
fringent effects are presented. When the principal axes of two quadrics coincide, the bire
fringent effect in first-order approximation is expressed as a linear combination of stress
and strain, which coincide with the results proposed by several investigators [1, 2, 3, 4,
and 6].

REFERENCES

[I] L. N. G. FILON and H. T. JESSOP, Phil. Trans. A 223, 89 (1922).
[2] E. G. COKER and L. N. G. FILON, A Treatise on Photo-Elasticity, 2nd Ed., p. 274, Cambridge University

Press (1957).
[3] S. E. A. BAYOUMI and E. K. FRANKL, Brit. J. Appl. Phys. 4, 306 (1953).
[4] T. Fum and T. TOKUOKA, J. Japan Soc. Testing Material, 10, 52 (1961).
[5] T. TOKUOKA and M. MIYAKAWA, Proc. of 14th Japan National Congr. of Appl. Mech.
[6] T. TOKUOKA, Int. J. Solids Structures, 1, 343 (1965).
[7] E. G. COKER and L. N. G. FlLON, A Treatise on Photo-Elasticity, 2nd Ed., Chapter I, Cambridge University

Press (1957).
[8] A. SOMMERFELD, Optics, 2nd Ed., Chapter IV, Academic Press (1964).
[9] C. TRUFSDELL, J. Rational Mech. Analysis, 1, 125 (1952).

[10] R. S. RIVLIN, J. Rational Mech. Analysis, 4, 681 (1955).
[11] T. TOKUOKA, Int. J. Engng Sci., to be published.

(Final draft received 19 May 1965)



58 TATSUO TOKuoKA

Resa.e-Les formules generales birefringentes, Quant aun milieu optiquement elastoplastique, sont theorique
ment deduites du point de vue mecanique. Un milieu photo-elastoplastique hypothetique est defini, c'est a
dire que Ie tenseur d'indice est une fonction du tenseur de la tension elastique et du tenseur de la tension plastique.
Selon Ie principe de I'isotropie de I'espace, Ie tenseur d'indice est c1airement exprime par Ie tenseur de la tension
elastique et par Ie tenseur de la tension plastique, ou bien par Ie tenseur de I'effort et Ie tenseur de la tension
totale. Les directions de polarisation pour un vecteur d'ondes donne, sont paralleles aux axes secondaires
principaux de la section diametrale conique de la quadrique de la pseudo-tension, coupee par un plan parallele
aI'onde enveloppe. L'effet birefringent est Ie produit de la difference de la pseudo-tension secondaire principale
et d'une fonction scalaire des invariants de la tension elastique et de la tension plastique. Deux etats speciaux
de deformation y sont investigues. Des approximations polynomes y sont presentees.

Dans une approximation de premier ordre, I'effet birefringent est exprime par une combinaison lineaire
d'effort et de tension, formule proposee par plusieurs rechercheurs [1, 2, 3, 4, et 6].

Zussammeofassung-Allgemeine doppelrefringente Formeln ftir ein optisch elastoplastisches Medium werden
theoretisch vom mechanischen Gesichtspunkt aus deduziert. Ein hypothetisches photo-elastoplastisches Medium
wird definiert d.h. der Index Tensor ist eine Funktion des elastischen Belastungstensors und des plastischen
Belastungstensors. Gemass dem Prinzip der Raumisotropie wird der Index-Tensor ausdrticklich durch den
elastischen Belastungs Tensor und den plastischen Belastungs Tensor, oder durch den Spannungs Tensor und
den totalen Belastungstensor ausgedriickt.

Die Polarisationsrichtungen ftir einen gegebenen Wellenvektor laufen parallel mit den sekundaren Haupt
achsen des diametralen Kegelschnittes der quadratischen Pseudospannung, mittels einer Ebene parallel zur
Wellenfront geschnitten. Der doppelrefringente Effekt ist das Produkt des sekundaren Hauptpseudospannungs
Unterschiedes und einer skalaren Funktion der Invarianten der E1astizitatsspannung und der plastischen
Spannung. Zwei qesondere Faile von Formveriinderung wurden untersucht. Annliherungen polynomer Natur
werden gezeigt. In der Annaherung erster Ordnung wird der doppelrefringente Effekt durch eine lineare Kombi
nation von Spannung und Dehnung ausgedrtickt; das ist die von mehreren Forschungsarbeitern vorgeschlagene
Formel [1, 2, 3, 4, und 6].

A6CTpaKT-06lllHe QloPMYJlbl ABoJ!.Horo Jly'tenpeJlOMJleHHlI ,WIll onTH'tecKH :macTOnJlaCTH'tecKOJ!. CpeAJ,1
TeopeTH'tecKH pa3pa60TaHHbl c MeXaHH'tecICoJ!. TO'tICH 3peHHlI. OnpeJJ.eJleHHa rHnOTeTH'IecKall <pOTO
JJlaCTOnJlaCTH'IecKall cpeJJ.a rJJ.e TeH30p nOICa3aTeJlll lIBnlleTClI <pYHK~eA TeH30pa JJlaCTH'tHoro Hanpll
lKeHHlI H TeH30pa nJlaCTH'IeCKOrO HanplllKeHHlI. CJle)J.yll npHH~ny H30TpOnHH npocTpaHCTBa, TeH30p
nOKa3aTeJlll lIBHO BblpalKeH TeH30paMH JJlaCTH'IHOrO H nJlaCTH'IecKoro HanplllKeHHlI, HJlH TeH30pOM
HanplllKeHHlI H TOTaJIbHblM TeH30pOM JJ.e<popMal\HH. HanpaBJleHHlI nOJlllpH3al\HH ,WIll JJ.aHHoro BeKTOpa
BOJlHbl napaJlJleJlbHbl ceKOHJJ.apHbiM rJlaBHblM OCllM JJ.HaMeTpH'IeCKOrO KOHH'IeCKOrO Ce'leHHlI nceBJJ.O
JJ.e<popMallHOHHoA KBaJJ.pHKH. 3etx!JeKT JJ.BoAHoro JlY'lenpeJlOMJleHHlI lIBJllIeTClI npOH3BeJJ.eHHeM pa3HHl\bl
ceKOHJJ.apHoA rJlaBHoA nceBAO-JJ.e<popMallHH H CKaJIlIpHOK <PYHKl\HH HHBapHaHTOB JJlaCTH'IHOrO HanplI
lKeHHlI H nJlaCTH'IecKoA Ae<popMallHH. I1CCJleJJ.OBaHHbI ABa oco6eHHblx COCTOllHHlI Ae<popMal\HH H npe.llCTa
BneHHbl nOJlHHOMHHaJIbHble npH6J1HlKeHHlI. B npH6J1HlKeHHH nepBOro nopllJJ.Ka J<P<PeKT JJ.BoAHoro Jly'te
npeJlOMJleHHlI BblpalKeH B <popMe JlHHeAHoA KOM6HHal\HH HanplllKeHHlI H JJ.e<popMal\HH--<popMYJla YlKe
npeAJlOlKeHHall JJ.PYI11MH HCCJle.llOBaTeJlllMH. [1,2, 3, 4 H 6.]


